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mdo'{fwhg— r’edefim'ng ? equal" ire =",

i-:.ﬂ‘ Let Set B = Z 5 deff'm'n9 Tav on B st a=b If SI (a-b) in Z. (fadors have

1o be In+e9er_) .

) Show that * =" js gn cquivalence relation on B.
a)Find all equivalence clogses of " = *,
3) Does (3,10) € "="7

Does (7,12) € "="p

Ans: {) wWe need to show 3 thin

S.7
D A=A / tefiexive ( Hxt %aok calls i+ Symmetric )
Means "& =q” for every a €8

i A—ns / symmetric
Means  if "a=b"¥Ya,beB, then "b=aq".

i) A—B— ¢ /+uansitive

!“

Y

e

Means if "a=b" and "b=c' for some a,b,c €8, then "a=c"”.

A-A teH nERB, Show "a=a" je Show 5[Ca-aq).
a-a=0, 5]o, Q=5Sx0., DEZ.

A-B: Assume "a=b" for some a,bEB. Show "b=z=a',
ire assume a-b = Sk, , for some k, € Z, |
Multiply by -1: b-a =5x(-k;) , -k €2
Hence b=a.

A=B-C : Assume "a=b" and “b=c' Hfor some a,b,c €2Z. Show “aq=c*
A-b = 5ky and b-c¢ =5k, for some ki, k, EZ.

Add ;i a-b+b-c = 5kq +5k,
A-C = S(kytky) , keik, €Z,
Hence a=c. .

w __u

= s an €quivalence relaton

2) 0 = [o01 (serof all pumbers that "=l0 )
[el=1..,-5,0,5,10,15,...7. . ie Sn, n€gz.
[101 =lo1
or [100] =[o]

e Bn+1, ney
IzJ= f, u8,=3 2 !F 48 Y2 . F | Snta| heZ,

| | r3ak vy =3, -;2, 3,8, 13, .0

| 4T, -6/=1, 4 q, 4, .]

\~\ . -union of all equivalence classes is. whole set 3.
Y ____Eguivalence | relation partitions the Set 1o subsets.

t LS K

i

‘1‘_;“]-.-;,.."-% -4, 1, 6, 11, -7 cetof all. numbers " that

L

Facks_ fﬁér&ech’m o dny 2 distinct equivalence  Classes s empty. |

1

|
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« @ we View eft‘ments oF the. new relation as # a subet of B«xB.= 1 Ca,az) ' Q, azEB}
(5 fo)eg"=" means 3 =10,
check ' 8-10= -3
E\-% . Hence, (3,10) &' =". 1
E¥un 1T V)

(:’a12) means  J =12
Check'. I-12= -5

5|-5 . Hence (?tz)e“—'

Homework 11 :
‘-_‘\-“.

ne 4t Let A= foot1, o11, ofo1, o111, 1111, 1101 f. Define = on A, where if

96 €A then a=b if number of Zero digits on a = no- of Zero digits en b.
_l_) Convince me that Y= s an equivalence relation.
) Fnd all 8quivalence c¢lasses of (A,'=")

i) view '=""as a subser of AXA. How many elements does "= have?
V) Wnite clown all elements of * &*

Anst [) check:
A—A. let a€A. show "a-= qa'

Meaning nNumber of zero dlgds in @ = nNumber of Zero digits in a. This s i))
true by ecbservation. 0101 = pio1

{011 = {014,
Axiorm 1 holds.

A—B. let a,b €EA. If "q =b" then show ‘b=a"

Note: set A is -ﬁm’re This means we can prove by example insteaq of- by argument,
Example ; let a=o0011 and b= o101.

‘a=p" (cotf = oto1) because number of zero digits (n 0011 = no: of zero digitsin
otof
No: of zero dig'ts in 0101 = no-of zero digits in o014
(b) (a)

Hence ‘b=q°. Axiom 2. holds.

A—B—C.let a,b,c €EA. If "a=b" and “b=¢"
Example: (et q= 1011 , b= 0111, c¢= 1101,
Tot1 = 0111 | no: of zero digits in 1011 = no-of zero digits in 0111.

Ll o111= o1, no-of zer digils in 0111 =no-of zero digits in 1101, ' ©
L] no. of Zero digits in 1011 =no-of zero digts in 1101,

show "a=¢",

1011 -HO1’
p =¢ . Axiom 3 holds.
Hehce, = is an equivalence relahion,

il u) r1111J 51111]
L1 1 ] [of1]]= f1011 0111, 1101 | |

[oouJ = f oo11 .101 7
il No oF elemcn+$- 11" gz +2%
.i'd_,;,i_; 11{"7'{"""”:""
iv) (1111 1) |

(1011), 1011) (1ou o114 )1 (1011 1101)

(0111 10.11) (0111 0111) (0111, 1101) _

(1101, 1011) . (1101, 0111) (1101, 101) |
(oou} oon) (ooﬁ, moo (o101, oon) (o:m,owr)

1

3
t
1
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Ques 2+ Let A=11,5,7,9, 16, 22F. Define = on A, where _if= a,bBA, then

a=b if alb (in A). Convirxe me +this (S hat an €quivalence relationghip.

Ans: check:

A—A. let a€A. show "a=q".
let ag= 5. S=5x4 , 1€A. Axiom 1 holds,

A=B. let a,bE€A. Assume "a=b’. Show “be=a.
let Qet, b= 3. F= Fxg , TEA.

1 -“?"5!. | %&A. Axiom 2 fails 4o hoid. ( "b #a").

A\l
-

= 15 hot an equivalence relation on A.

Rues 3¢ Let A=15,7,9,16,227. Detine "=" on A whers if. a,bEA Fhen

| T 1T Tes=a)mbd

a=b if alb (in A), Convmce me this is hot gn equivalence relationship.

AnS:  Check
A—=A. lek gEA. show "a=a'.
lek @ar8. | 5=5x1_|4& A4, Aciom 1| fails 4o hold.

—_
=

(s not an equivalence Yelation on A.

Rues 4: le- A=15,7,9,11, 19, 207. Define "=" on A, where if a,b€A, then a=b
it a(mod q) b(mad 4).

i) Convince me +hat “=* js an equxvalcnce relation.

_Find all equivalence Classes of (A, =) : :

i) View "=" as a subsel of A*A. How many elements does “=“ hgve.

iv) Ho Write down the elements of '=".

Ans fi)check ¢
A—A. Let a€A. Show "a=a" .
ler a = g, a med 4 = g mod 4§
‘e 5 mod {4 5 mod 4
(5-5) mod 4 =0
Omod Y4 =0 Axiom 1 holds.

,,8_.[;

A—-B. Lel a,bEA. Assume "gq=5b",
e amocd 4= b mody . ler a=5 ard b =9
(@=-b) mod 4 =0
4 =0

, =4 mod 4 o , S,
_Show “b=a", i

' x=1; =(a=b) mod 4 =0

L _(b-a) mod 4= (A-5)mod 4 = Y4mod 4 =,
 Axiom 2 holds, (b=a)

A r,é:t:., Let a,b,c EA. Assume a=h” and "b=c",

e | (a-b)mod 4 =0 and  [(b-¢) mod L4 =

_ldek =7 , b s11, c:=,1,q., 4 s bl ‘ ’

(#-11) mod 4 = —4 mod 4 . (11-19) mod 4 = = 2mod !y 0.
| aad; | (F-11 +11-19) mod 4, |
Il b 12 mpd 4 R N L O (O

1 1= O eootd b . R e T TS , ,
tai |9 El.fﬂ.,;.,A,"..,,‘,a‘C-‘ -7A__4x_iom_3,,,b,t?lds. - Hence, = s an equivalence
,'.{'Fff%?"ionj,on,/&.’ .- |

|
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Nk N H.;i)i.‘ISJ' - 1"5 5‘ 9 ]

31 =93 11,197
[207= 7 207

<
2%+ 8% +1 V)
14

) Noiof elements

uon

M) (5,5) (s,9) @,5) (a,a)
(7,11) 3,1 (3,1
(11,3)  (11,11) @, 1a)
(19, 3) (1a,11) (1,19)
(20,20)

Ques S Let A=Z. Define = on A4, where if a,beA , then a=b if Fl(a-b) Gin Z).
i) Convince me this is an equivalence telationship.

'ri) Find all €quivalence Classes of (A, =).

i) View | = as a subset of AxA. Is (3,f0) e =7 Is (4,12)€ = ?

Answer+' {) check:
A—A. Let a €A. Show "a =a", ;
A-a 3.0 =740, 0. €Z. Axiom 1 holds. W)

A-B. Let a,bEA. Assume @ a=b: Show "b=a’
a-b = T9xk( , forsome k € Z.

x-1; b-a = Tx(-kq) , “kige2Z,

Hence 'b=a”. Axiom 2 holds,

A=B—C. Let a,b,c EA. Assume "a=b" and "b=c¢". Show " a=c
A-b=Jrky, ke €2  b-c= Tk,  k, €Z.
Add; a-btb-c = Pkyt Fky
Q-c = ?[kq +k¢) R k,"'k; ez_
Hence “a=¢". Axiom 3 holds,

—

is an cquivalcnce relaton ©n A,

i) lel=1..,~l4,-3, 0,7, 14, 21,.. ]
13 2 §.u,-13,26,1, & 15, 22, ... ] ©
[27:=1..,-12,-5,2,9, 16, 23,.. }
[31=3..,-11,-4, 3 fo, 13, 24, .. ]
{432 3..,-10,-3, 4,11, 18, 25, ...{
[51={-, -9, =25, 12, 19, 26, .- |
[€1=]..,-8,-1,6,13, 20, 23, ]

) 3-1or % = Ja-y  -dez
L =l (3,100 € =,
4-12= -3 = 7% -8 | -5 &%
? 7
L (A,12) § =
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Question 6: Let A=1-1,0,1,37,10,16, 19 I. Define "=" on A, where wifiig b€ A,
then a=b (F 3|(a-k) (inh A). !
i) Convince me = |[s an equivalence relation on A.

n) Fihd all equivalence classes of (A, =).

) View "=* as a subser of AXA. How many elements does = bavep
¥) Wrte down all elements OF =.

boé

Answer«)Note: This is. a finite Set. Prove by example.

Checlk a
A-A. This oxiem holds becquse for every element, in A, a-a =3x0,
and O€ A,

A-B. ¥ a,b€A, if a=b , Show b=a, LeF a=7, b=1o,
¥-10= -3 = 3x-1 -1 €A,
x-1; Jo-3:= 3= 3x1, [ €A.

b=a'. Axiom 2 holds. 16 =19 is true as well.

A=B=C. Va,b,c €A, f asb and b=c, Show a-=c.
There: are no elements in A for the first Statement to be true. So by
default, the Second sStatement , G=c |s true. Axiom 3 holds.

P

21 = /s an €quivalence relation on A.

W 11 =3-17
[o1=107%
[i1]1 = i1}
[32=17,10F

[161 = 31¢,19 7

i) No-of tlementss 1t1+1 +92 422
= 11

v) 1,-1) Co,0) (1) 1)
(7,10) (3,%) (10,%3) (10,10)
(16,16) (16,19) (19,1¢) (19, 19)
_Question 7 - let A =1-1,0,1,3, 10,16, 19, 22 J. Define"<" en A, where if a,b e
then a=b if 3|(a-b) (in A). Convince me this s not an equivalence relafionshipg

! Answer: _check.

Axioms 1»-('2 hbld. ,

. A=-B-C. 1If a=b and b=c for seme q,b,c EA. Show q-=c,.
let a= 16, b=19, c=22.
(16=f9= -3=38x-1, -1 €A,
1 i19-22=-83= 321 -1 &A | | _
L _Add; f6-19+19-22= 3(-1)t3(-1).
Ll 16-22=34(-2) -2&A,
I _Axiom 3 does not bold,  *a #c’
] | .~ =.s not _an equivalence relationship. . .

I R 1 L) RS
! { | !
|
)
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:%OK)-BH\ Corvert- (2574), 1o base 1o,

AnsWery a1 +sp1(2 4] kit 4 fo | & (3954 )10,
Question 9 ¢ a) Convert 240016 4o base 16.
b) Find (AFQE1), ~ (42326)¢
15001 933
Answer: a) 16 [ 240016 W
“24cote ~ 14892 | 12

(o) q.
3 o

[ sg 6] 3

48 T -0
to 3

(240016 ), = (3A990),

! [T

k) AFQE

g — 42 32¢
_"'~——_.
(6D6BB),

"

\D)

|
i
|
|
t
I
|
|
|
{
|
|
|
| i | -
f ‘ | | : Q))
f P
]
| -
I [ ™ |
: | S - L
| ! | | |
. |
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5-Apr-2018  PARTIAL ORDER RELATION ON A SET. R e ST

D

bedefining <7,
Partial order on A

& A — set
Definition: We say "< " js o partial order relation on A (posetd  jf:

1) A=A (reflexive) Yae A,“as a”

2 A—8,but not B-A (lant symmetric )
i Q,bEA, and a¢b, then if a<b, b#£a.

3) A—B—c¢ (transifive)

V.a,b,ceAa, if "asb" and "bgc ", then ‘asc’
Examplet A=N¥=711,2,3,..7 define "<" on A. Y abe 4, "asb” if bla
Cin A). Show thal "< " s a partial order on A.

Abswer:  Note: the set A is infinite, So need to prove w/ mathematical b.:'gumenf

Check :
A—A. It is cear that ala (in A) VaehA, since 1 EA. Hence a< a

A=B but not B—A. Assume “asb " where R Afb. We show that l‘Io éa".
- We have b| a forsome a,b €EA. and “a+b". We know atlb .7Thus “b¥a”.

A \ 2L1E Meons

A-B—-C. Assume "asb" oand "bsc", fer Some I in N*

- So bja and clb for some a,b,c €Al = | —La b but L& N>
q:bnq and b= Cn; , for some Ny, N €EA f K ' Lo ‘
Q= Cnzny , nNang €A, d 9 ul \’

cla, thus"asc”,

| Hence, "s” s a partial order relation on A.

:Fact 1f &' /s a partial order, We donot have equivalence classes (because Axiom

| 2 fails)..

:-IS(A, < ) a_laitice ? ( use Hasse diagrom)?

‘Ans: (a relation that is not partial order Cannot be laHice. +he question becomes
'meaningless ).

' YVa,b€A , aAb and aVb  must exist.
_anb = greatest lower bound of a,b
| _aVb = least upper bound of a,b.

| areatest lower bound ' of a,b

I

1 X RS0 . Can e ﬁ'nd c St‘ C<b ond b cga
§ A\ I’:b
i W_e” _and _d st d<b ond dsa and dsc. |
00 . S B O ycs, a/\b exists, If d £c +hen aAb does not
' badeet 1 1okl b exidhud S I I T
ek L ege ] 2"?'~~ BEEE N

| e "",""’"‘}"'"']" ‘.‘.‘(. .._'/ R s et R S S

Pl bl Ll b Ll APl 93 and £.820 | |

‘ A 5% S LI e, 28 /' d2.s3 and 12§ 2 gnd
, ) ! 1 | O U S S O O K s6.. ‘
| For #his example, anb is LCM [a,b] . | | bt d bt Lo )
; bt L || b1 |
) = i B S B B o v e L O
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least upper boung of a,b.

e o

X fee
a : ag€c and b < c
for this example =~ aVb = 96d (a;b)
" W
F0. K 5 a lattice.
Find g1y
Ans: €AY = oy f6,14]1 = &x1y = 6x1y =
ged (6,14) &eviy
26,1
3|:3:‘-?
71,32
4,1

23 x3- = 42,
Hence 6A14 = 42 means Ya< 14 and 42 €€
14| 42 6lu2

6V1Yy = means 62 and 14 S2

2(6 21y

x

e\ /54
42
Find 379 land 3Vv9q

Ans 3A9=9 , gvq=g3

Example ! Samec example as abeve but A = Z*,
'S s not a pose on A. Why? Axiom 2 fails,
eg  let a=2 2 b=-2
"asp" pecause ~2|2 in z,
but "bsa' because 2|-2 in 2.

.A — 8B becomes Symmetric in Some cases.,

Question® let A=12,4,8, 1o, {007,
' |Define "a<sb” YV a,bEA means albin A,
Ans : A —A fails since 2h2 in A
|} t « . 2=2x1 and 1& A.
Q‘ ue stion 'let- Asil,lagp | ]
IO CRPLNIP N
P(A) = fhz}* b, i1? iz’r}‘ I ,
Déﬁnc “on P(A). V¥V ab€PA) "as p" means

So

fhat g is a parhal order- - .
Zs A,l€1" la lattice” 5 | 11,2

_ Ans: :Ncrﬂ-T 'H‘q*€ P(A)jis, -Hnibe.. i %) IS P 8 11 }’\
HqssT q|q3ram . e S Al

fer31,zr= MI 4
i’ﬂVi’:ﬂ?- ?1,23

S .

D S

)
6 X1y
2
)Y

a poset on A 4 Q)/

agLb. You moay check
i

N

12}

—

| - , €123 A aNb exists.

123 €14, 27,
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Question« Same as above except " ge bl" IF b¢&a, L SR O . T
Hasse diagram: ¢) , ufeaSd
Jr LIS i
1 a]\ 17 \
? i1,277

i1fVi27= ¢
717 A727 = §1,27.= A

70~ Apr - 20I8 Question: Llet A =171,27 '
(P(a), €), YabeP) “asb” means a-b € 19,1177
Show this is not peset,
Ans: A —A, Ler a € Pca)
e~ a-a =¢p e€id 17! . Axiom 1 holds.

PCA) =T H,27, 6,111, 721F.

A-B but not B—A . Let a,bsPA).
leb a=31] . b=127,
A sb means a-b= 117 €P(A),
b-a=727 & PCA) so bXa.
D Now tet a=¢, b=317F.

b
asb means a-b = ¢ €pPA),
=173 € P(r) meQn;na b < q. So, axiom 2 Fcu'l.s
"€ " is not poset on PCAD.
Question  Given +he Hasse diagram of a partial order relation on a set B
o A8 /s this dl'qarqm a lattica ?
ﬂ-'a
Ao ./ ‘* check ¢
= ,-’~ ! qQ,Aa, = q ,/ as ¢ az
(4
i 6\0:’ e Qg G' Vag = qa_
t-/>
- F 13 L 1.
™ alwd aagy = o a € 03 £9y .. Q s ay Gransitive)
- avay = ay
{50 O Ay Ads_ = q Qg bz Ay & g, £ Ay
-‘T ! | ! . Q £Qz £as . o £ qgs
| a4V as = dees net exist
i Nof ‘a Iai-hce !
i 'No+e In Hasse diagram e donol- draw  transtive relarhon it is  assumed. Eg, no
i ‘| line betw: a, and ay but a, & ay because q,sazs ay,
; N ) a;'" i . Show this is hoft /atkce .
-?Q'-‘_Q_-ﬁﬁ'?' AN =T <
3 £ T ! = : | (=3 . 4
| I “’/.\\‘?“. ‘a,4a, = a,
i H e 1~ ‘ _
g ‘ R R B 1| Bt m e AL az
;._, ,A, ,f,:,,:.,,, Q,AQ;: Q4 |

L] ! | .| . a,vas = Qs
a;. /\ a,- = does no{- exist. why |

S - a;s Ay, Clnd Qz$ as ] |
| but. a3 S ay ,‘and L ass as | ard as % a3 nor a; €0,
Q., uq,- K docs not. exxsf- —ﬂ‘llé !s not_Q lattice

I O, o _’.,;,,, el

ey
R B S e i-ﬁ—u-w-»:——»?m +—1 Sl IO { : -
SN DI WO, R i S S |

O | S NG S
B o $ R B e R |
! { ¢ } i ]
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Y Aay = q, js Wreng. Why P

becayse Q2<ay and a; S Gs but a,,ff Q-

HOWEfcr Q, < asz.

Seo Can QQ A qs- = Q5 ? ND; bEqu'Jsc as .IJ-:'C(& nor dx $05.
or L 94Aasx =az 2 *

)
Q““C.S'Hcrjl Gy

ay is a |attice.
Q3

C
, then m < c.If not, then QAb FC

aVb =c means aAsc gnd b <c
if as€m and b<m_ +then

c €m . If ook, then aVb FcC.

Noto. jihen pweiid Wnting equivalence classes of infinite €g a=b i¢ &[Ca-06)
eg fel1=F...,0,¢,.. T

can alse be wniten as: ([C]: O+ 62 | €a| a€z2]

W)
l2 - Apr— 2018

Dehinition = gssume LA, <€) is a peset.
an _ctement m €A is called A maximum element (f a £m, Yae4i.
an element d €A is calied a minimum etement if d<sa, ¥aeA,
We can view "€ as a subsef of A xA.
{a,b) € € means as<p

and  b§a., = (b,a)&s

)

H £
B S e il
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